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Motivation

Production of charmed hadrons in bottomonium decays

• multi-scale problem
mb � mbw ∼ mc � mbw2 ∼ ΛQCD

fun playground for EFT!

Theoretical and experimental efforts on inclusive cc̄ production

• sizeable production of cc̄ in χbJ
and Υ decays

State B(χbJ(nP) → D0X)
χb0(1P) 5.6± 3.6± 0.5%
χb1(1P) 12.6± 1.9± 1.1%
χb2(1P) 5.4± 1.9± 0.5%

B(Υ(1S) → D∗±X)
Υ(1S) 2.52± 0.13± 0.15%

CLEO, Phys. Rev. D 78:092007 (2008);
BaBar, Phys. Rev. D 81:011102 (2010).

• good agreement with the NRQCD
prediction

χbJ(nP) → cc̄ + X

G. T. Bodwin et al., Phys. Rev. D 76:054001 (2007);

Υ(nS) → cc̄ + X

D. Kang et al., Phys. Rev. D 76:114018 (2007);



Motivation

For exclusive processes χbJ → DD, ηb → DD∗

• highly energetic & massive final states
• need for collinear degrees of freedom

Use non relativistic (NRQCD, pNRQCD) and collinear (SCET, bHQET) effective theories

1. provides factorization formula at leading order

• extract information on bottomonium and D structure

2. allows to resum logs of the ratio of scales involved in process

3. can be extended beyond LO, to account for perturbative and power corrections

4. gives the tools to (at least) investigate the factorization of power corrections

Recent applications

see V. Braguta talk in
Production

• Υ → J/ψ + X at x → 1

X. Liu, Phys. Lett. B 685:151 (2010).

• double charmonium production in bottomonium decays
V. V. Braguta et al., Phys. Rev. D 80:094008 (2009);

Phys. Rev. D 81:014012 (2010).



Scales and Effective Theories

bottomonium
• decay 2mb,
• structure mbw, mbw2, ΛQCD

D meson

• mass mc

pµ
c = mcvµ + kµ

pµ
l ∼ kµ

• D meson rest frame
vµ = (1, 0)

kµ = ΛQCD

• bottomonium rest frame
vµ = 2mb/mc(λ2, λ0, λ)

kµ = 2mbΛQCD/mc(λ2, λ0, λ)

λ = mc/2mb
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Scales and Effective Field Theories

• integrate out 2mb

• mbw, mc still dynamical

EFT I: NRQCD & SCET

• integrate out mc and mbw (the soft
modes)

EFT II: pNRQCD & bHQET

NRQCD

(E, p)
• non relativistic b and b̄ (mbw2,mbw)
• potential gluons (mbw2,mbw)
• soft gluons (mbw,mbw)
• ultrasoft gluons (mbw2,mbw2)

SCET

(p+, p−, p⊥)
• collinear c and c̄ 2mb(λ

2, 1, λ)
• collinear gluons 2mb(λ

2, 1, λ)
• soft gluons 2mb(λ, λ, λ)
• ultrasoft gluons 2mb(λ

2, λ2, λ2)

mbw ∼ 2mbλ ∼ mc � ΛQCD

Q ∼ 2mbΛQCD/mc
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• integrate out 2mb
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EFT I: NRQCD & SCET

• integrate out mc and mbw (the soft
modes)

EFT II: pNRQCD & bHQET

pNRQCD

(E, p)
• non relativistic b and b̄ (mbw2,mbw)

• ultrasoft gluons (mbw2,mbw2)
• non local potentials

bHQET

(p+, p−, p⊥)
• ucollinear c and c̄ Q(λ2, 1, λ)
• ucollinear u and d Q(λ2, 1, λ)
• ucollinear gluons Q(λ2, 1, λ)
• ultrasoft gluons Q(λ2, λ2, λ2)

mbw ∼ 2mbλ ∼ mc � ΛQCD Q ∼ 2mbΛQCD/mc



Effective Field Theory I

iJQCD = iC(µ)JEFTI (µ) .

Matching
• At leading order in the EFT and tree level in αs :

JEFTI = χ†
b̄
σµ
⊥taψb χ̄

c
n̄ S†n̄ γµ⊥ta Sn χ

c̄
n and C(µ = 2mb) =

αs(2mb)π

m2
b

.

and Running

• µ-dependence driven by RGE in NRQCD + SCET

JQCD = C(µ)JEFTI (µ) = C(µb = 2mb)

„
2mb√

n · pcn̄ · pc̄

«g

exp U(2mb,mc)JEFTI (µ = mc) ,



Running in EFT I

collinear loops usoft loops

γEFTI = −2

γ(αs) + Γcusp(αs) ln

„
µ

√
n · pc n̄ · pc̄

«ff
process dependent universal, known to three loops

• resum Sudakov logarithms

Leading Log (LL) αn
s lnn+1 mc/2mb one loop Γcusp(αs) X

Next to Leading Log (NLL) αn
s lnn mc/2mb two loop Γcusp(αs) X

one loop γ(αs) X

• numerically LL and NLL approximately equal



Effective Field Theory II.

iMEFTI = C(µ) TAB(ω, ω̄, µ, µ′, 2S+1LJ)⊗ F2(µ′) 〈DADB|O
2S+1LJ
AB

`
ω, ω̄;µ′

´
| b̄b(2S+1LJ)〉

A,B ∈ {P,VL,VT}



Effective Field Theory II.

iMEFTI = C(µ) TAB(ω, ω̄, µ, µ′, 2S+1LJ)⊗ F2(µ′) 〈DADB|O
2S+1LJ
AB

`
ω, ω̄;µ′

´
| b̄b(2S+1LJ)〉

A,B ∈ {P,VL,VT}

• P wave

TAA(ω, ω̄, µ, µ′ = mc,
3PJ) =

CF

N2
c

4παs(µ′)

mb

1
ω + ω̄

A ∈ {P,VL}, J = 0, 2

A = VT , J = 2

• S wave

TPVL (ω, ω̄, µ, µ
′ = mc,

1S0) =
CF

N2
c

4παs(µ′)

mb

1
2
ω − ω̄

ω + ω̄

• non trivial dependence on ω and ω̄ at tree level



Non-perturbative matrix elements

F2(µ′)O
3PJ
PP (ω, ω̄, µ′) = χ†

b̄
pb·σ⊥ψb H̄c

n̄
/n
2
γ5 δ (−ω̄ − n · P)χl̄

n̄ χ̄
l
nδ
“
ω − n̄ · P†

” /̄n
2
γ5 Hc̄

n ,

• usoft decoupling: Hc̄
n → YnHc̄

n, χ̄l
n → χ̄l

nY†n

• factorization of initial and final state:

|3P0〉 = |0〉n |0〉n̄|3P0〉us, 〈PP| =n 〈P| n̄〈P| us〈0|

• quarkonium wavefunctions

〈0|χ†
b̄
pb · σ⊥ψb|χb0〉 =

2
√

3

r
3Nc

2π
R′χb0

(0, µ′),

and for S-wave

〈0|χ†
b̄
ψb|ηb〉 =

r
Nc

2π
Rηb (0, µ′).
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2
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n̄|0〉 〈P|χ̄l
nδ
“
ω − n̄ · P†

” /̄n
2
γ5 Hc̄

n|0〉 ,

• usoft decoupling: Hc̄
n → YnHc̄

n, χ̄l
n → χ̄l

nY†n
• factorization of initial and final state:

|3P0〉 = |0〉n |0〉n̄|3P0〉us, 〈PP| =n 〈P| n̄〈P| us〈0|

• quarkonium wavefunctions

〈0|χ†
b̄
pb · σ⊥ψb|χb0〉 =

2
√

3

r
3Nc

2π
R′χb0

(0, µ′),

and for S-wave

〈0|χ†
b̄
ψb|ηb〉 =

r
Nc

2π
Rηb (0, µ′).
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D-meson distribution amplitudes

〈PP|F2(µ′)O
3PJ
PP (ω, ω̄, µ′)|3P0〉

= 〈0|χ†
b̄

pb · σ⊥ψb|3P0〉 〈P|H̄c
n̄

/n
2
γ5 δ (−ω̄ − n · P)χl̄

n̄|0〉 〈P|χ̄l
nδ
“
ω − n̄ · P†

” /̄n
2
γ5 Hc̄

n|0〉 ,

• D-meson light-cone distribution amplitudes (DA)

〈P|χ̄l
n

/̄n
2
γ5 δ

“
ω − n̄ · P†

”
Hc̄

n|0〉 = iFP(µ′)
n̄ · v

2
φP(ω, µ′)

and for vector mesons

〈VL|χ̄l
n

/̄n
2
δ
“
ω − n̄ · P†

”
Hc̄

n|0〉 = FVL (µ
′)

n̄ · v
2
φVL (ω, µ

′)

〈VT |χ̄l
n

/̄n
2
γµ
⊥ δ
“
ω − n̄ · P†

”
Hc̄

n|0〉 = FVT (µ′)
n̄ · v

2
εµ
⊥φVT (ω, µ′)

heavy quark limit FA(µ′ = mc) = fD
√

mD,

fD = 205.8± 8.5± 2.5 MeV



Factorization of the decay rate

• P wave

Γ (χb0 → AA) =
4
3

m2
D

q
m2

χb0
− 4m2

D

8πmχb0

3Nc

2π
|C (µ) |2 |R′χb0

(0, µ′)|2»
F2(µ′)

n · v′

2
n̄ · v

2

Z
dω
ω

dω̄
ω̄

T
“
ω, ω̄, µ, µ′; 3PJ

”
φA(ω̄, µ′)φA(ω, µ′)

–2

A ∈ {P,VL}
• analogous expressions for χb2 → PP,VLVL or VT VT .
• S wave

Γ (ηb → PVL + c.c.) =
m2

D

q
m2

ηb
− 4m2

D

8πmηb

Nc

2π
|C (µ) |2 |Rηb (0, µ′)|2

1
2

»
F2(µ′)

n · v′

2
n̄ · v

2Z
dω
ω

dω̄
ω̄

T
“
ω, ω̄, µ, µ′; 1S0

”
(φVL (ω̄, µ

′)φP(ω, µ′)− φVL (ω, µ
′)φP(ω̄, µ′))

–2

.



Running in EFT II

• pNRQCD graphs do not contribute to NLL running
• from bHQET graphs, convolution running

γEFTII = 2γFδ(ω − ω′)δ(ω̄ − ω̄′) + γO(ω, ω′; ω̄, ω̄′;µ′)

• γF governs the running of D-meson decay constant
• γO running of the D-meson DA

B. Lange and M. Neubert, Phys. Rev. Lett. 91:102001 (2003).

• analytical (though gory) solution for the evolved matching coefficients.
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Results. Γ(χb0 → DD)

λB = 0.460 ± 0.110 GeV

Non perturbative parameters

• |R′χbJ
(0)|2 = 2.3 GeV5 lattice

• D-meson
φD(ω, µ′ ∼ 1 GeV) = ω

(n̄·v)2λ2
D

e
− ω

n̄·vλD

• choice of λD inspired by B-physics!
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Results. Γ(χb0 → DD)

λB = 0.460 ± 0.110 GeV
σB = 1.4 ± 0.4

Non perturbative parameters

• |R′χbJ
(0)|2 = 2.3 GeV5 lattice

• D-meson

φD(ω, µ
′ ∼ 1 GeV) =

4
πn̄ · vλD

ω̃

1 + ω̃2

»
1

1 + ω̃2
−

2(σD − 1)
π2

ln ω̃

–
• strong dependence on DA

parameters ∼ λ−4
D

• relevant impact of the NLL
resummation



Results. Γ(χb0 → DD)

λB = 0.460 ± 0.110 GeV
σB = 1.4 ± 0.4

Non perturbative parameters

• |R′χbJ
(0)|2 = 2.3 GeV5 lattice

• D-meson

φD(ω, µ
′ ∼ 1 GeV) =

4
πn̄ · vλD

ω̃

1 + ω̃2

»
1

1 + ω̃2
−

2(σD − 1)
π2

ln ω̃

–
• strong dependence on DA

parameters ∼ λ−4
D

• relevant impact of the NLL
resummation

• two DAs in rough agreement



Results. Γ(χb0 → DD)

Uncertainties
• non-perturbative corrections: ΛQCD/mc ∼ 30%

perturbative corrections
• QCD onto EFT I matching: αs(2mb) ∼ 10%
• EFT I onto EFT II matching: αs(mc) ∼ 30%

• mild dependence on variation
of µ (∼ 5%)

• wild dependence on variation
of µ′ (∼ 50%)

φ(ω) = φBraun(ω)

One loop EFT I to EFT II matching for stable result!
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Results. Γ(ηb → DD∗ + c.c.)

λ̄D =
1
2
(λD + λD∗L

)

δ =
1
2

λD − λD∗L
λ̄D

σ = 2σD

Non perturbative parameters
• bottomonium
|Rηb (0)|2 = 6.92± 0.38 GeV3

Υ decay
• D-meson φD = φBraun

D , φD∗ = φBraun
D∗

• strong dependence on DA
parameters ∼ λ̄−4

D

• vanishes in spin-symmetry limit
φD = φD∗

• strong dependence on the
functional form
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Branching Ratios

• B(χb0 → PP) in the range 4 · 10−6 − 4 · 10−5

• B(ηb → PVL + c.c.) in the same range
• too small in this range for λD . . .

. . . but hope if λD in the 0.25− 0.35 GeV range

• ηb → DD∗, χbJ → DD do not dominate ηb → cc̄ + X, χbJ → c̄c + X



Conclusions

EFT approach:
• allows factorization of dynamics of different scales; 2mb, mc, ΛQCD.
• can be extended to C-odd bottomonium decays, Υ → DD, Υ → D∗D∗.
• and to power-suppressed processes, ηb → D∗D∗, χb2 → DD∗ + c.c.

Exclusive, charmed decays of bottomonium
• good candidates for extraction of bottomonium and D-meson parameters

strong dependence of DA paramaters

but
• quite large theoretical error

include perturbative and non-perturbative corrections!

• rather small branching ratio





Backup Slides



Anomalous dimension in EFT I

γEFTI = −2

γ(αs) + Γcusp(αs) ln

„
µ

√
n · pc n̄ · pc̄

«ff
with

γ(αs) = 3CF + 2Nc + i
π

Nc

and
Γcusp(αs) =

αs

4π
Γ

(0)
cusp +

“αs

4π

”2
Γ

(1)
cusp

Γ
(0)
cusp = 4CF , Γ

(1)
cusp = 4CF

»„
67
9
−
π2

3

«
Nc −

10
9

nf

–
,



Running Factors in EFT I

U(µ0, µ) = −2
Z αs(µ)

αs(µ0)

dα
β(α)

(
γ(α) + Γcusp(α)

Z α

α(µ0)

dα′

β(α′)

)
,

g(µ0, µ) = −2
Z αs(µ)

αs(µ0)

dα
β(α)

Γcusp(α) .

Explicitly, at NLL

U(µb, µ) =
2πΓ

(0)
cusp

β2
0

"
r − 1− r ln r

αs(µ)
+

β0γ
(0)
Re

2πΓ
(0)
cusp

ln r +

 
Γ

(1)
cusp

Γ
(0)
cusp

−
β1

β0

!
1− r + ln r

4π

+
β1

8πβ0
ln2 r

–
+
γ

(0)
Im

β0
ln r ,

and

g(µb, µ) =
Γ

(0)
cusp

β0

"
ln r +

 
Γ

(1)
cusp

Γ
(0)
cusp

−
β1

β0

!
αs(µb)

4π
(r − 1)

#
,

where r = αs(µ)/αs(µb).



Running Factors in EFT II

The anomalous dimension in EFT is

γEFTII (ω, ω
′; ω̄, ω̄′;µ′) = 2γF δ

`
ω − ω′

´
δ
`
ω̄ − ω̄′

´
+ γO(ω, ω′; ω̄, ω̄′;µ′) ,

with

γO(ω, ω′; ω̄, ω̄′;µ′)

=
αs

4π
4CFδ

`
ω − ω′

´
δ
`
ω̄ − ω̄′

´ »
−1 + ln

„
µ′n · v′

ω̄′

«
+ ln

„
µ′n̄ · v
ω′

«–
−
αs

4π
4CFδ

`
ω − ω′

´ "
θ
`
ω̄ − ω̄′

´„ 1
ω̄ − ω̄′

«
+

+ θ
`
ω̄′ − ω̄

´
θ (ω̄)

ω̄

ω̄′

„
1

ω̄′ − ω̄

«
+

#

−
αs

4π
4CFδ

`
ω̄ − ω̄′

´ "
θ
`
ω − ω′

´„ 1
ω − ω′

«
+

+ θ
`
ω′ − ω

´
θ (ω)

ω

ω′

„
1

ω′ − ω

«
+

#
.



Running factors in EFT II

F2(µ′) T(ω, ω̄, µ, µ′; 3PJ) = F2(µ′c)
CF

N2
c

4παs(µ′c)

mb
exp
ˆ
V(µ′c, µ

′)
˜ „µ′ 2

c n̄ · vn · v′

ω ω̄

«g

θ(ω̄ − ω)

ω̄


Γ(1 + g)Γ(2 + g)
Γ(1− g)Γ(−g)

h
1− ln

ω

ω̄
+ ψ(1− g)− ψ(−g) + ψ(1 + g)− ψ(2 + g)

i
+

1
2
ω

ω̄

Γ(g + 2)Γ(g + 3)
Γ(1− g)Γ(2− g) 4F3

“
1, 1, g + 2, g + 3; 3, 1− g, 2− g;−

ω

ω̄

”
−
“ω
ω̄

”1+g
4 cos(gπ)

Γ(2 + 2g)2

g + 2 3F2

“
g + 1, 2g + 2, 2g + 3; 2, g + 3;−

ω

ω̄

”ff
+ (ω → ω̄) ,

• at NLL

g(µ′0, µ
′) = −

Γ
(0)
cusp

2β0

(
ln r +

 
Γ

(1)
cusp

Γ
(0)
cusp

−
β1

β0

!
αs(µ′0)

4π
(r − 1)

)
,

V(µ′0, µ
′) =− Γ

(0)
cusp

2π
β2

0

(
r − 1− r ln r
αs(µ′)

+

 
Γ

(1)
cusp

Γ
(0)
cusp

−
β1

β0

!
1− r + ln r

4π
+

β1

8πβ0
ln2 r

)

+
CF

β0
(2− 8γE) ln r ,



Γ(ηb → DD∗) with exponential DA

• one or two orders smaller than the result with φBraun
D
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